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Properties of the J integral for a conductive tubular channel embedded in a dielectric mate-
rial are examined. It is shown that the J integral can be interpreted as the energy release per
unit length of the channel due to the channel growth. In order to investigate the effect of a
conductive defect on the dielectric breakdown, the asymptotic problem of a conductive
hemispheroid on an electrode sheet is considered. The J integral for the hemispheroidal
defect is obtained in the closed form from the electrostatic solution. The J integral for a
tubular channel with a hemispheroidal head is calculated numerically through the ﬁnite
element analysis. It is found that the breakdown strength is sensitive to the length and
head shape of the channel. The variation of the apparent breakdown strength for the
dielectric material with the conductive hemispheroidal defect is also discussed.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Dielectric breakdown of solids is responsible for a limitation of the integrity of electronic components. The development
of breakdown-tolerant materials and the structural design minimizing the probability of breakdown are crucial issues in an
electronic industry. Breakdown is the rapid ionization phenomenon of molecules and crystalline structure caused by strong
electrical ﬁelds in solids. This results in the electrical failure of materials (Bluhm, 2006). The dielectric breakdown strength of
solids is affected by defects. Actually, the measured dielectric strength of a natural solid with pores and micro-cracks is cer-
tainly weaker than a perfect solid without any defect since the electric ﬁeld is intensiﬁed in the region near void, and then it
easily reaches the resistance limit of the material against breakdown. As one of features of breakdown, ﬁne tubular channels
are commonly observed in the sample failed by breakdown (Suo, 1993).
Dielectric breakdown phenomenon in integrated circuits becomes an issue. Many researches have studied on the
dielectric breakdown mechanism of SiO2 thin ﬁlm (Martin, 2005). Several studies for the dielectric breakdown at the
viewpoint of fundamental mechanics are conducted. McMeeking (1987) investigated the effects of mechanical stresses
on the dielectric breakdown. He proposed the hypothesis that the dielectric breakdown is interacted with cracking in
dielectric materials by showing the correlation between mechanical strength and dielectric strength. Suo (1993) pro-
posed the energy balance model for dielectric-resistant ceramics by using Grifﬁth energy concept. According to the en-
ergy balance model, the tubular channel propagates when the deriving force by external electric loads is greater than the
work required to create a unit length of the channel. Researches on the electrical fracture of piezoelectric ceramics are
also conducted (Wang and Zhang, 2001; Fu et al., 2000). It is experimentally observed that piezoelectric ceramics are
more easily fractured under purely mechanical loading than under purely electrical loading. This result indicates that
the electrical fracture toughness is larger than the mechanical fracture toughness. Particularly, it is noticeable in their
research that the fracture of piezoelectric ceramics is accompanied with the dielectric breakdown. The strip breakdown
model similar to the classical Dugdale model in fracture mechanics is proposed for analyzing the breakdown of. All rights reserved.
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ductive strip with breakdown strength from the crack tip. The J integral is applied to the analysis of a conducting crack
in an electromaterial (Garboczi, 1988; Beom, 1999; Beom and Atluri, 2002). However, the application of the J integral to
a tubular channel analysis in a dielectric medium has not been performed.
The purpose of this study is to investigate breakdown of a dielectric material. The dielectric breakdown process is
idealized as the growth of a conductive tubular channel here. The J integral for a tubular channel in the dielectric solid
is introduced to analyze the dielectric breakdown. The J integral is deﬁned as the integral of surface enclosing the chan-
nel head. The J integral for the conductive channel is shown to have the physical meaning of energy release per unit
length of the channel due to the channel growth. The J integrals for a conductive hemispheroidal defect as well as a
conductive tubular channel are obtained. The effect of the length and head shape of the channel on the breakdown
strength is examined. The apparent breakdown strength for the dielectric material with the spheroidal defect is also
discussed.
2. Tubular channel
Dielectric breakdown leaves the trace of damage in the sample along the ﬁne tubular channel. The tubular channel is the
moving pathway of the charges that go through the sample at the onset of dielectric breakdown (Bluhm, 2006). Dielectric
breakdown can be idealized by the model of the conductive tubular channel propagation (Suo, 1993). Generally, the tubular
channel shows the type of one pathway or a treelike structure. Inhomogeneities near the head of an original tubular channel
cause the splitting of the path (Dissado and Sweeney, 1993). In this paper, we focus our attention on the tubular channel in
the type of one path.
Consider a conductive tubular channel embedded in a dielectric material as shown in Fig. 1. The longitudinal axis of the
tubular channel coincides with the x1-axis of the Cartesian coordinates. The surface of the tubular channel is assumed to be
traction free. The J integral is used as the fracture parameter characterizing the ﬁelds near the crack tip in elastic-plastic frac-
ture mechanics (Rice, 1968). The J integral means physically the energy release per unit area of crack surface. Such a J integral
was extended further to electroelasticity by Cherepanov (1979) and Pak (1990). The J integral is successfully applied to the
analysis of two dimensional crack problems for electroceramics (Beom and Atluri, 1996). The three dimensional J integral for
a conductive channel is deﬁned asJ ¼
Z
S
ðWn1  nirijuj;1 þ njDjE1ÞdS: ð1ÞHere,W, rij, ui, Di and Ei are the electric enthalpy density, the stress, the displacement, the electric displacement and the elec-
tric ﬁeld, respectively. nj is the unit vector of the outward normal to the surface enclosing the channel head as shown in
Fig. 1. S is the surface embracing the conductive channel. The subscript comma (,) denotes a partial derivative with respect
to the Cartesian coordinates. A summation rule is applied to the repeated index in a term over its range 1–3. The constitutive
law of the dielectric solid is given byrij ¼ oWocij
; Di ¼  oWoEi ; ð2Þwhere cij is the strain. The equilibrium equations for mechanical stresses and electric displacements are given byrij;i ¼ 0; Di;i ¼ 0: ð3Þ
Consider the J integral for a volume V0 around the head of the conductive tubular channel. The volume V0 is enclosed by the
closed surface S0 = S [ Sb [ Sh, where Sb is the lateral surface of the channel and Sh is the surface of the channel head. Making
use of the divergence theorem, we can show thatS
hS
0V n1
x
bS
2x
3x
Tubular Channel
Fig. 1. Conductive tubular channel.
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S0
ðWm1 mirijuj;1 þmjDjE1ÞdS ¼ 0; ð4Þwhere mi is the unit vector of the outward normal to the closed surface S0. In obtaining 4, 2, 3 have been used. Details
for the conservation law of the J integral for an electroelastic material can be found in Cherepanov (1979), Pak (1990),
and Shi and Kuang (2003). The contribution of the surface integral over Sb in (4) vanishes, thus, the J integral in (1) can
be rewritten asJ ¼
Z
Sh
ðWn1 þ njDjE1ÞdS: ð5ÞIn obtaining (5), the relation mi = ni on Sh has been used. It is seen from (1) and (5) that the three-dimensional J inte-
gral for the conductive tubular channel is independent of the path of integration surface enclosing the channel head.
Once the electroelastic ﬁelds on the surface of the channel head are obtained, the J integral can be calculated from
(5). The J integral for a hemispheroid and a tubular channel will be calculated later by using the expression of the J inte-
gral in (5).
Let us the energetics for the growth of a conductive channel in a dielectric material as shown in Fig. 2. Let the volume
occupied by the dielectric body be denoted by V. The total potential energy of the body isP ¼
Z
V
W dV 
Z
St
tiuidS
Z
SD
miDi/dS; ð6Þwhere ti is the surface traction and / is the electric potential. St and SD denote the boundary surfaces where the traction and
the normal electrical displacement are prescribed, respectively. Any inﬁnitesimal growth of the channel is assumed to take
place quasistatically. During the virtual channel growth, the boundary conditions on the surface excluding the channel sur-
face Sc are unchanged. The channel surface moves with a velocity vj. Quasistatic solutions for the displacements and the elec-
tric potential in the body with the changed boundary Sc is varied with a time-like parameter t. Differentiating (6), we have
(Appendix A)dP
dt
¼
Z
Sc
½Wvjmj þmiDivjEjdS: ð7ÞIn deriving (7), the displacement increment and the electric potential increment corresponding to the channel growth are
assumed to be admissible functions in V. In particular, vj is given as vj ¼ _bd1j, where _b is the derivative of b with respect
to the time-like parameter t and d1j is the Kronecker delta, it can be shown from (7) that the energy release per unit of chan-
nel translation in the x1-direction, G isG ¼ dP
db
¼ 1
_b
_P ¼
Z
Sh
½Wn1 þ niDiE1dS; ð8Þwhere b is the channel length as shown in Fig. 2. It is easily seen from (5) and (8) that the J integral has the physical meaning
of the energy release per unit of the channel length when the channel grows along the x1-axis:J ¼ G: ð9Þ
Next we consider the energy balance during the growth of a channel. According to thermodynamics, the energy balance
for an incremental increase in the channel length can be expressed as follows (Suo, 1993):dP ¼ Cdb; ð10Þ
where C is the work to create a unit length of the channel. The channel, thus, cannot grow when G < C.db
1x
hSm
b
ρ
Fig. 2. Growth of a tubular channel.
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Dielectric breakdown may take place easily at the surface defect of the dielectric medium under external electric ﬁelds
since the electric ﬁeld is concentrated near the defect. It is of importance to investigate the effect of the surface defect on
the dielectric breakdown because the apparent breakdown strength of the dielectric materials strongly depends on the sur-
face defect. We consider a conductive hemispheroidal defect on an electrode surface in a dielectric material as shown in
Fig. 3. The hemispheroid has the major and minor semiaxes denoted by a and c, respectively. The electric potentials are
prescribed on both of the electrodes. Assuming the size of the hemispheroid is very small compared to all lengths of the
dielectric material, we can consider the asymptotic problem of the hemispheroid under the remote ﬁeld E0 along the positive
x1-axis at inﬁnity as shown in Fig. 3.
3.1. Conductive hemisphere
We consider the asymptotic problem for the conductive hemispherical defect (a = c) as the particular case of the hemi-
spheroid as shown in Fig. 3. The remote electric ﬁeld is uniform but the electric ﬁeld around the defect is intensiﬁed. The
solution of the electric potential for a conductive sphere embedded in an inﬁnite dielectric material under unform electric
ﬁeld has been already known (Becker, 1982). Making use of the known solution of the sphere, it can be shown that the solu-
tion of the hemisphere is written as/ ¼ E0 r  c
3
r2
 
cos h: ð11ÞHere, c is the radius of the conductive hemispherical defect. r and h are the spherical coordinates. r is deﬁned as
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
and h is the polar angle measured from the positive x1-axis as shown in Fig. 3. The electric ﬁeld is obtained
from (11) asEr ¼ E0 1þ 2ðcr Þ3
h i
cos h;
Eh ¼ E0 1 ðcr Þ3
h i
sin h:
ð12ÞThe corresponding electric displacement and electric enthalpy density for the linear isotropic dielectric solid without any
external stress are given asW ¼  12 e E2r þ E2h
 
;
Dr ¼ eEr ;
Dh ¼ eEh:
ð13ÞHere, e is the permittivity of isotropic dielectric solid. The J integral is evaluated from (5) together with (12) and (13), result-
ing inJ ¼ 9
4
pec2E20: ð14Þ3.2. Conductive hemispheroid
Let us consider the conductive hemispheroid defect on the surface of the semi-inﬁnite dielectric medium as shown in
Fig. 3. The electric ﬁeld being uniform at a remote distance is distorted and intensiﬁed around the defect. The solution of1x x 0
E
a
r
2c
ρ
ρ
θ
Fig. 3. Asymptotic problem of a hemispheroidal defect.
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electric ﬁeld for the problem of the hemispheroid can be obtained from the known solution. With some mathematical
manipulations, we ﬁnd that the solution of the hemispheroid is expressed as/ ¼ E0x FðnÞFð1Þ : ð15ÞHere, x = x1, and F(n) and F(1) areFðnÞ ¼ 2
a2  c2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ a2
p  1
a
" #
þ 2
ðc2  a2Þ3=2
 tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ a2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
p þ tan1 aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
p
" #
for a < c;
FðnÞ ¼ 2
a2  c2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ a2
p  1
a
" #
þ 1
ða2  c2Þ3=2
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ a2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  c2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ a2
p
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  c2
p  ln a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  c2
p
aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  c2
p
" #
for a > c:
ð16Þ
Fð1Þ ¼  2
aða2  c2Þ 
2
ðc2  a2Þ3=2
p
2
 tan1 aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
p
 
for a < c;
Fð1Þ ¼  2
aða2  c2Þ 
1
ða2  c2Þ3=2
ln
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  c2
p
aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  c2
p for a > c:
ð17Þn is the largest positive root of the equationx2
a2 þ nþ
q2
c2 þ n ¼ 1; ð18Þwhere q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x22 þ x23
q
. It is noted that for points on the surface of the hemispheroid, n = 0. The electric ﬁeld normal to the sur-
face of the hemispheroid defect inside the dielectric material is obtained from the relation in ellipsoidal coordinatesEn ¼  1h
o/
on
 
n¼0
: ð19ÞHere, h(n = 0) and [o//on]n=0 are given byhðn ¼ 0Þ ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a4
þ q
2
c4
r
; ð20Þ
o/
on
 
n¼0
¼  1
a3c2
E0x
Fð1Þ : ð21ÞTherefore, (19) becomes in the closed formxa
c )sin,cos( 0 ca
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Fig. 4. Distribution of the normal electric ﬁeld on the surface of hemispheroid.
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Fig. 5. Normalized J integral as a function of a/c.
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E0xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2
a4 þ q
2
c4
q : ð22Þ
The normal electric ﬁeld on the hemispheroid surface, En is plotted as a function of h0 in Fig. 4, for various values of a/c. h0
describes the cylindrical coordinates of the point x = acosh0 and q = csinh0 on the hemispheroid surface as shown in Fig. 4. It
is seen from Fig. 4 that the electric ﬁeld is highly intensiﬁed around the hemispheroid as a/c increases. Since the electric ﬁeld
is determined as above, the J integral for the hemispheroid can be evaluated from (15)–(22), which results inJ ¼ pc2eE20HðkÞ; ð23Þ
where k is k = a/c, which is the dimensionless parameter determining the hemispheroid shape. H(k) is given byHðkÞ ¼ ð1 k
2Þ ð1 k2Þ þ 2k2 ln k 
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2
p
 k p2  tan1 kﬃﬃﬃﬃﬃﬃﬃﬃ1k2p
	 
 2 ; 0 < k < 1;
HðkÞ ¼ 2ðk
2  1Þ ð1 k2Þ þ 2k2 ln k 
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  1
p
þ k ln k
ﬃﬃﬃﬃﬃﬃﬃﬃ
k21
p
kþ
ﬃﬃﬃﬃﬃﬃﬃﬃ
k21
p
 2 ; k > 1:
ð24ÞDetails required for the derivation of (24) are presented in Appendix B. The normalized J integral, H is plotted as a function of
a/c in Fig. 5. It is noted that that when a = c, the J integral (23) reduces to the J integral given in (14) for the hemisphere. In the
limiting case as a? 0, the J integral (23) becomesJ ¼ 1
2
pec2E20: ð25ÞWhen k 1, the J integral (23) reduces toJ ¼ pc2eE20
k2
ln k
as k!1: ð26ÞThis result is in agreement with the energy release G for a conductive spheroid obtained by Suo (1993) from a different
method.
4. Breakdown analysis
Consider the conductive tubular channel with length b in the semi-inﬁnite dielectric material under uniform electric
ﬁelds at inﬁnity as shown in Fig. 6. The shape of the channel head is the hemispheroid with the major semiaxis a and minor
semiaxis c. The uniform electric ﬁeld E0 is applied in the direction of the positive x1-axis at inﬁnity. The traction on the chan-
nel surface is free. The tubular channel is reduced to the hemispheroidal defect mentioned in the Section 3 when b = 0. Let us
x 0E
b
r
2c
a
θ
ρ
Fig. 6. Conductive tubular channel with a hemispheroidal head.
H.G. Beom, Y.H. Kim / International Journal of Solids and Structures 45 (2008) 6045–6055 6051calculate the J integral for the tubular channel via the ﬁnite element analysis. We conduct the ﬁnite element analysis for the
tubular channels with the hemispherical head and the ﬂat head. The commercial cord ABAQUS is used in the ﬁnite element
analysis. Finite element models for the tubular channels with the hemispherical and ﬂat heads are shown in Fig. 7, respec-
tively. We adopt the axi-symmetric eight-node element CAX8E of ABAQUS element library. We give the width of the model
by w = 5 mmmuch larger than the channel radius c = 0.2 mm in order to satisfy semi-inﬁnite condition. Finite element anal-
yses are performed for b > 0. The numerical result of the normal electric ﬁelds on the spherical head surface of the channel is
plotted in Fig. 8 for speciﬁc values of b/c. Fig. 8 shows that the solution of the normal electric ﬁeld for the channel with length
b converges that for the channel with b = 0 as b? 0. The J integral is calculated by numerical integration using the distribu-
tion of the electric ﬁeld on the channel head, obtained from the ﬁnite element analysis. The values of the J integral as the
function of the channel length are plotted as a function of b/c for the channels with the spherical head and the ﬂat head
in Fig. 9. As b? 0, the values of the J integral for the channel approach the values (14) and (25) for the spheroid (b = 0).l=10mm
w=5mm
V100= 0=
0=nD
0=nD
c=0.2mm
b
l = 10mm
w = 
1x
l = 10mm
w = 5mm
0=nD
0=nD
b
c=0.2mm
V100= 0=
r
1x
φφ
φφ
ρ
θ
a
b
Fig. 7. Finite element model for the tubular channel. (a) Flat head and (b) hemispherical head.
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Fig. 8. Distribution of the normal electric ﬁeld on the spherical head surface of the tubular channel with length b.
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integral of the hemispheroid obtained in the Section 3 has the physical meaning of the energy release per unit length of the
channel with radius c. Thus, we can determine whether dielectric breakdown in the dielectric material with the spheroidal
defect occurs or not. Fig. 9 also illustrates the effect of the head shape and length of the channel on the J integral. The head
shape and length of the channel have strong inﬂuence on the J integral.
The dielectric strength can be experimentally measured in the manner as follows. The electric ﬁeld is applied to the
dielectric plate with a thickness. We measure the magnitude of the electric ﬁeld at the instance that dielectric breakdown
occurs. We deﬁne this measured critical electric ﬁeld as the dielectric strength. When G = C, the dielectric breakdown takes
place. There is no defect on the surface of the dielectric material, the breakdown toughness is given from (25) byC ¼ 1
2
pc2eE2BD; ð27Þwhere EBD is the dielectric strength of the dielectric material without the defect. Hence, the apparent breakdown strength of
the dielectric material with the spheroidal defect, EappBD is obtained from (23) and (27) as
0 6 100.0
0.2
0.4
0.6
0.8
1.0
1.2
a/c
EappBD/EBD
2 4 8
Fig. 10. Apparent breakdown strength as a function of a/c.
H.G. Beom, Y.H. Kim / International Journal of Solids and Structures 45 (2008) 6045–6055 6053EappBD
EBD
¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2HðkÞp : ð28ÞIt is noted that this result is valid for the only case in which the conductive spheroidal defect grows in the form of the con-
ductive channel with radius c. The apparent breakdown strength is plotted as a function of a/c in Fig. 10. As a/c increases, EappBD
required to cause the dielectric breakdown decreases.
5. Concluding remarks
Properties of the J integral for a conductive tubular channel in a dielectric material are explored. The J integral is shown to
be independent of the path of the integration surface enclosing the channel head. The J integral has the physical meaning of
energy release per unit length of the channel due to the channel growth. The asymptotic problem of a conductive hemisphe-
roid on an electrode sheet is considered. The closed form of the J integral for the hemispheroidal defect is obtained from the
electrostatic solution. The J integral for a tubular channel with a hemispheroidal head is evaluated numerically by the ﬁnite
element method. The head shape and length of the channel have the strong inﬂuence on the J integral. The apparent break-
down strength for the dielectric material with the conductive spheroidal defect is also obtained based on the energy balance
during the channel growth from the J integral analysis.
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Appendix A. Derivation of (7)
During the quasistatic growth of a channel, the boundary conditions on the surfaces St and SD are unchanged. Differen-
tiation of the potential energy with respect to the time-like parameter t givesdP
dt
¼ d
dt
Z
V
W dV 
Z
St
ti _ui dS
Z
SD
miDi _/dS: ðA:1ÞWhen the surface of the channel moves with the velocity vj, we haved
dt
Z
V
W dV ¼
Z
V
_W dV þ
Z
Sc
Wvjmj dS: ðA:2ÞBy the principle of virtual work, the ﬁrst term in (A.2) takes the formZ
V
_W dV ¼
Z
S
ðti _ui þmjDj _/ÞdS: ðA:3Þ
6054 H.G. Beom, Y.H. Kim / International Journal of Solids and Structures 45 (2008) 6045–6055Substituting (A.2) and (A.3) into (A.1), (A.1) can be recast into the equationdP
dt
¼
Z
S
WvjmjdSþ
Z
Su
ti _uidSþ
Z
S/
miDi _/dS: ðA:4ÞHere, Su and S/ are the surface boundaries on which the displacement and the electric potential are prescribed, respectively.
Using the relations_/ ¼ vj/j on Sc;
_/ ¼ 0 on S/  Sc;
vj ¼ 0 on S Sc;
ðA:5Þwe get (7) from (A.4).
Appendix B. Derivation of (24)
The J integral for the conductive hemispheroid defect can be expressed from (5) asJ ¼ 1
2
e
Z
Sh
E2nn1 dS: ðB:1ÞThe following equations are used in obtaining (B.1):W ¼  12 eE2n;
E ¼ Enn:
ðB:2ÞHere, the unit outward normal vector n on the surface of the hemispheroid. The components of n in the direction of x1 is
given byn1 ¼ a
2xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ac
 4q2q : ðB:3ÞSubstitution of (19), (B.2) and (B.3) into (B.1) yieldsJ ¼ 4peE
2
0
a2c2 Fð1Þ½ 2
I; ðB:4Þwhere I isI ¼
Z p=2
0
cos3 h sin h
cos2 hþ k2 sin2 h
dh: ðB:5ÞPerforming the integration in (B.5), we obtainI ¼ 1
2ð1 k2Þ þ
k2
ð1 k2Þ2
ln k: ðB:6ÞFrom (B.4) and (B.6), we obtain ﬁnally (24).
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